1. T H E existence of magnetism is recognized by certain phenomena of force which are attributed to it as their cause. Other physical effects are found to be produced by the same a g e n c y ; as in the operation o f magnetism with reference to polarized light, recently discovered by Mr. F a r a d a y ; but we must still regard m agnetic force as the characteristic of magnetism, and, however interesting such other phenomena may be in themselves, however essential a knowledge o f them may be for enabling us to arrive at any satisfactory ideas regarding the physical nature of magnetism, and its connection with the general properties of matter, we must still consider the investigation of the laws, according to which the development and the action of magnetic force are regulated, to be the primary object of a M athematical Theory in this branch o f Natural Philosophy. 2 . M agnetic bodies, when put near one another, in general exert very sensible mutual fo rces; but a body which is not m agnetic, can experience no force in virtue of the magnetism of bodies in its neighbourhood. It may indeed be observed that a body, M, will exert a force upon another body A ; and again, on a third body B ; although when A and B are both removed to a considerable distance from M , no mutual action can be discovered between them selves: but in all such cases A and B are, when in the neighbourhood o f M , temporarily m agnetic; and when both are under the influence of M at the same tim e, they are found to act upon one another with a mutual force. All these phenomena are investigated in the mathematical theory of magnetism, which therefore comprehends two distinct kinds of magnetic a ctio n :-the mutual forces exercised between bodies possessing magnetism, and the magnetization induced in other bodies through the influence of magnets. The First Part of this paper is confined to the more descriptive and positive details of the sub ject, with reference to the former class of phenomena. After a sufficient foundation has been laid in it, by the mathematical exposition of the distribution of magnetism in bodies, and by the determination and expression of the general laws of magnetic force, a Second Part will be devoted to the theory of magnetization by influence, or magnetic induction. A galvanic circuit is frequently, for the sake of distinction, called an " electro-magnet;" but, according to the preceding definition of a magnet, the simple term, without qualification, may be applied to such an arrangement. On the other hand, a piece of apparatus consisting of a galvanic coil, with a soft iron core, although often called simply " an electro-magnet," is in reality a complex arrangement involving an electro-magnet (which is intrinsically magnetic as long as the electric cur rent is sustained) and a body transiently magnetized by induction.
1.
T H E existence of magnetism is recognized by certain phenomena of force which are attributed to it as their cause. Other physical effects are found to be produced by the same a g e n c y ; as in the operation o f magnetism with reference to polarized light, recently discovered by Mr. F a r a d a y ; but we must still regard m agnetic force as the characteristic of magnetism, and, however interesting such other phenomena may be in themselves, however essential a knowledge o f them may be for enabling us to arrive at any satisfactory ideas regarding the physical nature of magnetism, and its connection with the general properties of matter, we must still consider the investigation of the laws, according to which the development and the action of magnetic force are regulated, to be the primary object of a M athematical Theory in this branch o f Natural Philosophy.
2 . M agnetic bodies, when put near one another, in general exert very sensible mutual fo rces; but a body which is not m agnetic, can experience no force in virtue of the magnetism of bodies in its neighbourhood. It may indeed be observed that a body, M, will exert a force upon another body A ; and again, on a third body B ; although when A and B are both removed to a considerable distance from M , no mutual action can be discovered between them selves: but in all such cases A and B are, when in the neighbourhood o f M , temporarily m agnetic; and when both are under the influence of M at the same tim e, they are found to act upon one another with a mutual force. All these phenomena are investigated in the mathematical theory of magnetism, which therefore comprehends two distinct kinds of magnetic a ctio n :-the mutual forces exercised between bodies possessing magnetism, and the magnetization induced in other bodies through the influence of magnets. The First Part of this paper is confined to the more descriptive and positive details of the sub ject, with reference to the former class of phenomena. After a sufficient foundation has been laid in it, by the mathematical exposition of the distribution of magnetism in bodies, and by the determination and expression of the general laws of magnetic force, a Second Part will be devoted to the theory of magnetization by influence, or magnetic induction.
4.
In the following analysis of magnets* the magnetism of every magnetic sub stance considered, will be regarded as absolutely permanent under all circumstances. This condition is not rigorously fulfilled either for magnetized steel or for loadstone, as the magnetism of any such substance is always liable to modification by induction, and may therefore be affected either by bringing another magnet into its neighbour hood, or by breaking the mass itself and separating the fragments. When, however, we consider the magnetism of any fragment taken from a steel or loadstone magnet, the hypothesis will be that it retains without any alteration the magnetic state which it actually had in its position in the body. The general theory of the distribu tion of magnetism founded upon conceptions of this kind, will be independent of the truth or falseness of any such hypothesis which may be made for the sake of con venience in studying the subject; but of course any actual experiments in illustration of the analysis or synthesis of a magnet would be affected by a want of rigidity in the magnetism of the matter operated on. For such illustrations, electro-magnets are extremely appropriate, as in them, except during the motion by which any alteration in their form or arrangement is effected, no appreciable inductive action can exist.
5. In selecting from the known phenomena of magnetism those elementary facts which are to serve for the foundation of the theory, all complex actions, depending on the irregularities of the bodies made use of, should be excluded. Thus if we were to attempt an experimental investigation of the action between two amorphous frag ments of loadstone, or between two pieces of steel magnetized by ordinary processes, we should probably fail to recognize the simple laws on which the actions, resulting from such complicated circumstances, depend; and we must look for a simpler case of magnetic action before we can make an analysis which may lead to the establish ment of the fundamental principles of the theory. Much complication will be avoided if we take a case in which the irregularities of one at least of the bodies do not affect the phenomena to be considered. Now the earth, as was first shown by G il b e r t , is a m agnet; and its dimensions are so great that there is no sensible 8 . It follows that any m agnetic action which the earth can exert upon a magnet must be a couple. To ascertain the manner in which this action takes place, let us conceive a m agnet to be supported by its centre o f gravity* and left perfectly free to turn round this point, so that without any constraint being exerted which could balance the m agnetic action, the body m aybe in circumstances the same as if it were without weight. The m agnetic action o f the earth upon the m agnet gives rise to the following phenom ena:-(1.) The body does not remain in equilibrium in every position in which it may be brought to rest, as it would do did it experience no action but that o f gravitation.
(2.) I f the body be placed in a position o f equilibrium, there is a certain axis (which, for the pre sent, we may conceive to be found by trial), such, that if the body be turned round it, through any angle, and be brought to rest, it will remain in equilibrium.
(3.) I f the body be turned through 180°, about an axis perpendicular to this, it will again be in a position of equilibrium. * The ordinary process for finding experimentally the centre of gravity of a body, fails when there is any magnetic action to interfere with the effects of gravitation. It is, however, for our present purpose, sufficient to know that the centre of gravity exists ; that is, that there is a point such that the vertical line of the resultant action of gravity passes through it, in whatever position the body be held. If it were of any consequence, a process, somewhat complicated by the magnetic action, for actually determining, by experiment, the centre of gravity of a magnet might be indicated, and thus the experimental treatment of the subject in the text would be completed.
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nor (4.) Any motion of the body whatever, which is not of either of the kinds iust described compounded of the two, will bring it into a position in which it will not be in equilibrium ' (5.) The directing couple experienced by the body in any position depends solely on the angle of inclination o f the axis described in (1.) to the line along which it lies when the body is in eouili bnum ; being independent o f the position o f the plane of this angle, and of the position of the body w itil reierence to triBit ctxis» 9. From these observations we draw the conclusion that a magnet always expe riences a directing couple from the earth, unless a certain axis in the body is placed in a determinate position. This line in the body is called its magnetic axis* * • 10. The direction towards which the magnetic axis of the body tends in virtue of the earth's action, is called " the line of dip," or " the direction of the total terrestrial magnetic force," at the locality of the observation. 11. N o further explanation regarding phenomena which depend on terrestrial magnetism is required in the present chapter; but, as the facts have been stated in part, it may be right to complete the statement, as far as regards the action expe rienced by a magnet of any kind when held in different positions in a given localitv, by mentioning the following conclusions, deduced in a very obvious manner from the general laws of magnetic action stated below, and verified fully by experiment.
If a magnet be held with its magnetic axis inclined at any angle to the line of dip, it will experience a couple, the moment of which is proportional to the sine of the angle of inclination, acting in a plane containing the magnetic axis and the line of dip. The position of equilibrium towards which this couple tends to bring the mag netic axis is stable, and if the direction of the magnetic axis be reversed, the body may be left balanced, but it will be in unstable equilibrium.
12. The directive tendency observed in magnetic bodies, being found to depend on their geographical position, and to be related in some degree to the terrestrial poles, received the name of p o la rity ; probably on account of a false hypothesis of forces exercised by the pole-star'f' or by the earth's poles, upon certain points of the load stone or needle, thence called the " poles of the magnet." " poles" are still retained, but the use of them which has very generally been made, is nearly as vague as the ideas from which they had their origin. Thus when the magnet is an elongated mass, its ends are called poles if its magnetic axis be in the direction of its length ; no definite points, such as those in which the surface of the body is cut by the magnetic axis, being precisely indicated by the term as it is generally used. If, however, the body be symmetrical about its m agnetic axis, and symmetrically m agnetized, whether elongated in that direction or not, the poles might be definitely the ends o f the m agnetic axis (or the points in which is cut by it), unless the magnet be annular and not cut by its magnetic axis (a ring electro-magnet, for instance), in which case the ordinary conception o f poles fails. Notw ithstanding this vagueness, however, the terms poles and polarity are extremely convenient, and, with the follow ing explanations, they will frequently be made use of in this paper.
13. Let O be any point in a magnet, and let N O S be a straight line parallel to the line defined above as the m agnetic axis through the centre of gravity. If the point O, however it has been chosen, be called the centre o f the magnet, the line N S, terminated either at the surface, on each side, or in any arbitrary manner, is called the m agnetic axis, and the ends, N , S, o f the magnetic axis are called the poles of the m agnet*.
14. That pole (marked N ) which points, on the whole, from the north, and in northern latitudes upwards, is called the north pole, and the other (S), which points from the south, is called the south pole.
15. The sides of the body towards its north pole and south pole, are said to possess <c northern polarity " and " southern polarity " respectively, an expres founded on the idea that the surface o f a magnet may in general be contemplated as a locus of poles.
16. I f a m agnetic body be broken up into any number o f fragments, each morsel is found to be a com plete magnet, presenting in itself all the phenomena o f poles and polarity. This property is generally contem plated when, in modern writings on physical subjects, polarity is mentioned as a property belonging to a solid b o d y ; and a corresponding idea is involved in the term when it is applied with reference to the electric state which Mr. F a r a d a y discovered to be induced in non-conductors of electricity (<c dielectric "), when subjected to the influence o f electrified bodies^. However different are the physical circumstances o f magnetic and electric polarity, it appears that the positive laws of the phenomena are the same J, and therefore the mathematical theories are identical. Either subject m ight be taken as an example o f a very important branch of physical mathematics, which m ight be called " A M athe matical Theory o f Polar Forces." 17* Although we have seen that any m agnet, in general, experiences from the earth an action subject to certain very simple laws, yet the actual distribution of the m ag netism which it possesses may be extremely irregular. W e may certainly conceive that if the magnetized substance be a regular crystal of magnetic iron ore, the mag netism is distributed through it according to some simple la w ; but by taking an amorphous and heterogeneous fragment of ore presenting magnetic properties, by magnetizing in any way an irregular mass of steel, by connecting any number of morsels of magnetic matter so as to make up a complex magnet, or by bending a galvanic wire into any form, we may obtain magnets in which the magnetic property is distributed in any arbitrary manner, however irregular. Excluding for the present the last-mentioned case, let us endeavour to form a conception of the distribution of magnetism in actually magnetized matter, such as steel or loadstone, and to lay down the principles according to which it may in any instance be mathematically ex pressed.
18. In general we may consider a magnet as composed of matter which is mag netized throughout, since, in general, it is found that any fragment cut out of a mag netic mass is itself a magnet possessing properties entirely similar to those which have been described as possessed by any magnet whatever. It may be however that a small portion cut out of a certain position in a magnet, may present no magnetic phenomena; and if we cut equal and similar portions from different positions, we may find them to possess magnetic properties differing to any extent both in intensity, and in the directions of their magnetic axes.
19. If we find that equal and similar portions, cut in parallel directions, from any different positions in a given magnetic mass, possess equal and similar magnetic pro perties, the mass is said to be uniformly magnetized.
20. In general, however, the intensity of magnetization must be supposed to vary from one part to another, and the magnetic axes of the different parts to be not parallel to one another. Hence, to lay down determinately a specification of the dis tribution of magnetism through a magnet of any kind, we must be able to express the intensity and the direction of magnetization at each point. Before attempting to define a standard for the numerical expression of intensity in magnetization, it will be convenient to examine the elementary laws upon which the phenomena of mag netic force depend, since it is by these effects that the nature and energy of the mag netism to which they are due must be estimated. 21. The object of the elementary magnetic researches of C ou lo m b was the deter mination of the mutual action between two infinitely thin, uniformly and longitudi nally magnetized bars. The magnets which he used were in strictness neither uni formly nor longitudinally magnetized, such a state being unattainable by any actual process of magnetization; but, as the bars were very thin cylindrical steel wires, and were symmetrically magnetized, the resultant actions were sensibly the same as if they were in reality infinitely thin, and longitudinally magnetized; and from experi-merits which he made, it appears that the intensity of the magnetization must have been very nearly constant from the middle of each of the bars, to within a short distance from either end, where a gradual decrease of intensity is sensible*. 26. If two complex bar-magnets, of the kind described above, be put near one an-other, each bar of one will act on each bar of the other with the same forces as if all the other bars were removed. Hence, if the distance between the two poles be unity, and if the strengths of the bars be respectively and (whether these numbers be integral or fractional,) the force between those poles will be If, now, the rela tive position of the magnets be altered, so that the distance between two poles may b e^ the force between them will, according to C o u l o m b 's law, be mm! -j r .
According to the definition given above of the strength of a simple bar-magnet, it follows that the same expression gives the force between two poles of any thin, uni formly and longitudinally magnetized bars, of strengths m and ml. 27. The magnetic moment of an infinitely thin, uniformly and longitudinally mag netized bar, is the product of its length into its strength.
28. If any number of equally strong, uniformly and longitudinally magnetized rectangular bars of equal infinitely small sections, be put together, with like ends towards the same parts, a complex uniformly magnetized solid of any form may be produced. The magnetic moment of such a magnet is equal to the sum of the mag netic moments of the bars of which it is composed.
29. The magnetic moment of any continuous solid, uniformly magnetized in parallel lines, is equal to the sum of the magnetic moments of all the thin, uniformly and longitudinally magnetized bars into which it may be divided.
It follows that the magnetic moment of any part of a uniformly magnetized mass is proportional to its volume.
30. The intensity o f magnetization of a uniformly magnetized solid is the magnetic moment of a unit of its volume.
It follows that the magnetic moment of a uniformly magnetized solid, of any form and dimensions, is equal to the product of its volume into the intensity of its mag netization.
31. If a body be magnetized in any arbitrary, regular or irregular manner, a por tion may be taken in any position, so small in all its dimensions that the distribution of magnetism through it will be sensibly uniform. The quotient obtained by dividing the magnetic moment of such a portion, in any position P, by its volume, is the in tensity o f magnetization of the substance at the point P ; and a line through P parallel to its lines of magnetization, is the direction o f , at P. 32. It will very often be convenient to refer the phenomena of magnetic force to attractions or repulsions mutually exerted between portions of an imaginary mag netic matter, which, as we shall see, may be conceived to represent the polarity of a magnet of any kind. This imaginary substance possesses none of the primary qualities of ordinary m atter, and it would be wrong to call it either a solid, or the " magnetic fluid/' or "f lu id s"; but, w ithout m aking any hypothesis whatever, we may call it " magnetic m atter," on the understanding that it possesses only the property of attracting or repelling m agnets, or other portions o f " m atter " o f its own kind, ac cording to certain determ inate law s, which may be stated as fo llo w s:- it divided into infinitely thin bars, in the directions of its lines of magnetization; for each of these bars will be uniformly and longitudinally magnetized, and therefore there will be no distribution of matter except at their ends. Now the bars are all terminated on each side by the surface of the body, and consequently the whole magnetic effect is represented by a certain superficial distribution of northern and southern magnetic matter. It only remains to determine the actual form of this distribution; but, for the sake of simplicity in expression, it will be convenient to state previously the following definition, borrowed from C o u lo m b's writings on elec tricity.
40. If any kind of matter be distributed over a surface, the superficial density at any point is the quotient obtained by dividing the quantity of matter on an infinitely small element of the surface in the neighbourhood of that point, by the area of the element.
41. To determine the superficial density at any point in the case at present under consideration, let a be the area of the perpendicular section of an infinit form bar, of the solid, with one end at that point. Then, if i be the intensity of magnetization of the solid, ia will be, as may be readily shown, bar-magnet. Hence at the two ends of the bar we must suppose to be placed quan tities of northern and southern imaginary magnetic matter each equal to In the distribution over the surface of the given magnet, these quantities of matter must be imagined to be spread over the oblique ends of the bar. Now if 6 denote the incli nation of the bar to a normal to the surface through one end, the area of that end will be -a n d therefore in that part of the surface we have a quantity of matter equal to ia spread over an area ^7. Hence the superficial density is i cos 6. This expression gives the superficial density at any point, P, of the surface, and its algebraic sign indicates the kind of matter, provided the angle denoted by & be taken between the external part of the normal, and a line drawn from P in the same direction as that of the motion of a point carried from the south pole, to the north pole, of a portion close to P, of the infinitely thin bar-magnet which we have been considering. 42. Let it be required, in the last place, to determine the entire distribution of magnetic matter necessary to represent the polarity of any given magnet.
We may conceive the whole magnetized mass to be divided into infinitely small parallelepipeds by planes parallel to three planes of rectangular coordinates. Let a, (3,y denote the three edges of one of these parallelepipeds having its centre at a point P (oc,y9 z). Let i denote the given intensity, and l, nt, n the given dir cosines of the magnetization at P. It will follow from the preceding investigation that the polarity of this infinitely small, uniformly magnetized parallelepiped, maybe represented by imaginary magnetic matter distributed over its six faces in such a manner that the density w ill be uniform over each face, and that the quantities of matter on the six faces will be as follow s 
{ u + d - § ( -« ) } i i 7 .
This, added to that which was found above, gives m ,
for the total amount of matter upon this face, distribution on the other face, /3y, is equal to -K # > , A gain, the quantity in the second and therefore the total amount of matter on this face will be d(U) c/3y. B y determining in a similar way the final quantities o f matter on the other faces o f the parallelepiped, we find that the total amount of matter to be distributed over its surface is N ow as the parallelepipeds into which we imagine the whole mass divided are infinitely small, we may substitute a continuous distribution o f matter through them, in place of the superficial distributions on their faces which have been determ ined; and in making this substitution, the quantity o f matter which we must suppose to be spread through the interior of any one of them m ust be half the total quantity on its surface, since each of its faces is common to it and another parallelepiped. H ence the quantity of matter to be distributed through the parallelepiped a/3y is equal to
Besides this continuous distribution through the interior of the magnet, there must be a superficial distribution to represent the neutralized polarity at its surface. If § denote the density of this distribution at any point; [/], [m], [«] the direction cosines, and p ] the intensity of the magnetization of the solid close to i t ; and v the direction cosines of a normal to the surface, we shall have, as in the case of the uniformly magnetized solid previously considered,
If, according to the usual definition of " density," Je denote the density of the magnetic matter at P, in the continuous distribution through the interior, the expression found above for the quantity of matter in the element a, (3, y, leads to the formula These two equations express respectively the superficial distribution, and the con tinuous distribution through the solid, of the magnetic matter which entirely repre sents the polarity of the given magnet. The fact that the quantity of northern matter is equal to the quantity of southern in the entire distribution, is readily verified by showing from these formulae, as may readily be done by integration, that the total quantity of matter is algebraically equal to nothing.
43. If there be an abrupt change in the intensity or direction of the magnetization from one part of the magnetized substance to another, a slight modification in the formulae given above will be convenient. Thus we may take a case differing very little from a given case, but which instead of presenting finite differences in the in tensity or direction of magnetization, on the two sides of any surface in the substance of the magnet, has merely very sudden continuous changes in the values of those elem ents: we may conceive the distribution to be made more and more nearly the same as the given distribution, with its abrupt transitions, and we may determine the limit towards which the value of the expression (2) approximates, and thus, although according to the ordinary rules of the differential calculus this formula fails in the limiting case, we may still derive the true result from it. It is very easily shown in this way, that, besides the continuous distribution given by the expression (2) applied to all points of the substance for which it does not fail, there will be a superficial dis tribution of magnetic matter on any surface of discontinuity; and that the density of this superficial distribution will be the difference between the products of the intensity of magnetization into the cosine of the inclination of its direction to the normal, on the two sides of the surface.
44. This result, obtained by the interpretation of formula (2) in the extreme case, might have been obtained directly from the original investigation, by taking into ac count the abrupt variation of the magnetization at the surface of discontinuity, as we did the abrupt termination of the magnetized substance at the boundary of the mag net, and representing the un-neutralized polarity which results, by a superficial dis tribution of magnetic matter.
(2). 47-The preceding solution of the problem, although extrem ely simple and often convenient, must be regarded as very artificial, since in it the resultant action is found by the composition of mutual actions between the particles of an imaginary magnetic matter, which are not the same as the real mutual actions between the different parts o f the magnets them selves, although the resultant action between the entire groups of matter is necessarily the same as the real resultant action between the entire magnets. H ence it is very desirable to investigate another solution, of a less artificial form, in which the required resultant action may be obtained by com pounding the real actions between the different parts into which we may conceive the magnets to be divided. The remainder of the chapter, after some preliminary explana tions and definitions, will be devoted to this object.
48. The <c resultant magnetic force at any point " is an expression which will very frequently be employed in what follows, and it is therefore of importance that its signification should be clearly defined. For this purpose, let us consider separately the cases of an external point in the neighbourhood of a magnet, and a point in space which is actually occupied by m agnetic matter. (2.) The resultant force at a point situated in space occupied by magnetized matter, is an expression the signification of which is somewhat arbitrary. If we conceive the magnetic substance to be removed from an infinitely small space round the point, the preceding definition would be applicable; since, if we imagine a very small bar-mag net to be placed in a definite position in this space, the force upon either end would be determinate. The circumstances of this case are made clear by considering the distribution of imaginary magnetic matter required to represent the given magnet, without the small portion we have conceived to be removed from its interior; which will differ from the distribution that represents the entire given magnet, in wanting the small portion of the continuous interior distribution corresponding to the removed portion, and in having instead a superficial distribution on the small internal surface bounding the hollow space. If we consider the portion removed to be infinitely small, the want of the small portion of the solid magnetic matter will produce no finite effect upon any point; but the superficial distribution at the boundary of the hollow space will produce a finite force upon any magnetic point within it. Hence the resultant force upon the given point round which the space was conceived to be hollowed, may be regarded as compounded of two forces, one due to the polarity of the complete magnet, and the other to the superficial polarity left free by the removal of the magnetized substance*. The former component is the force meant by the expression " the resultant force at a point within a magnetic substance," when em ployed in the present paper*f\ 49. The conventional language and ideas with reference to the imaginary magnetic * If the portion removed be spherical and infinitely small, it may be proved that the force at any point within it, resulting from the free polarity of the solid at the surface bounding the hollow space, is in the direction of the lines of magnetization of the substance round it, and is equal to This theorem (due to Poisson) will O be demonstrated at the commencement of the Theory of Magnetic Induction, because we shall have to consider the " magnetizing force " upon any small portion of an inductively magnetized substance as the actual resultant force that would exist within the hollow space that would be left if the portion considered were re moved, and the magnetism of the remainder constrained to remain unaltered.
-j* Jf we imagine a magnet to be divided into two parts by any plane passing through the line of magnetiza tion at any internal point, P, and if we imagine the two parts to be separated by an infinitely small interval and a unit north pole to be placed between them at P, the force which this pole would experience is the re sultant force at a point, P, of the magnetic substance." This is the most direct definition of the expression that could have been given, and it agrees with the definition I have actually adopted; but I have preferred the ex planation and statement in the text, as being practically more simple, and more directly connected with the various investigations in which the expression will be employed.
[ is so w ell known that it is unnecessary to dem onstrate it h e r e ; but for the sake o f reference, the follow ing enunciation of it is given. The term " potential," defined in connection with it, was first introduced by G r e e n in his E ssay (1828). It was at a later date introduced independently by G a u s s , and is now in very general use.
Theorem ( L a p l a c e ) . -The resultant force produced by a body, or a group of at tracting or repelling particles, upon a unit particle placed at any point P, is such that the difference between the values of a certain function, at any two points and p' in finitely near P, divided by the distance p p 1, is equal to its of the line joining p and p \ Definition ( G r e e n ) . -This function, which, for a given mass, has a determinate value at any point, P, of space, is called the potential o f the mass, at the point P.
It follows from the general dem onstration, that, when the law o f force is that o f the inverse square o f the distance, the potential is found by dividing the quantity o f matter in any infinitely small part o f the mass, by its distance from P, and adding all the quotients so obtained. The double and triple integrals in the first and second terms of this expression are to be taken respectively over the whole surface bounding the magnet, and throughout the entire magnetized substance. Since, as is easily shown, the value of that portion of the triple integral in the second member which corresponds to an infinitely small portion of the solid containing (g, tj, £), when this point is internal, is infinitely small, it follows that the magnetic force at any internal point, as defined in § 48, is derivable from a potential expressed by equation ( 54. In the method which is now to be followed, the magnetized substances con sidered must be conceived to be divided into an infinite number of infinitely small parts, and the actual magnetism of each part will be taken into account, whether in determining the potential of the magnet at a given external point, or in investigating the mutual action between two magnets. In the first place, let us determine the potential due to an infinitely small element of a magnetized substance, and for this purpose we may commence by considering an infinitely thin, uniformly magnetized and, if /, m, n denote the direction cosines of the magnetization at E, The resultant action due to this system of forces may be determined by means of the elementary principles of statics. Thus if we conceive the forces to be transferred to the middle of the bar by the introduction of couples, the system will be reduced to a force, on this point, whose components are P (X -X '), /3(Y-Y'), |3(Z-Z '), and a couple, whose components are j/3(Z + Z '). \ -/3(Y+Y') . § (£ -£ ')} , { « X + X '). I (Z-0-P(Z+Z').\ (?-?')}, {/3(Y+Y') . \ ( ? -r) -/3 (X + X ') . \ (»-»')}.
* This very remarkable theorem is due to Poisson, and the demonstration, as it has been just given in the text, is to be found in his first memoir on Magnetism. The demonstration which I have given in § 42 may be regarded as exhibiting, by the theory of polarity, the physical principles expressed in the analytical formulae.
59.
If l9 m <y n denote the direction cosines of a line drawn along the bar, from its middle towards its north pole, and if a be the length of the bar, we shall have | -%'=al, q-yjl-am, £-'Q-an. Let us now suppose an infinite number of such infinitely small bar-magnets to be put together so as to constitute a mass, infinitely small in all its dimensions, uniformly magnetized in the direction (/, m, n) to such an intensity that its magnetic moment is \j> . We infer, from the preceding investigation, that the total action on this body, when placed at the point x 9 y , z } will be composed of a force whose com ponents are /d X , , dX , 
Hence

61.
The preceding investigation enables us, by means of the integral calculus, to determine the total mutual action between any two given magnets. For, if we take X, Y, Z to denote the components of the resultant force due to one of the magnets, at any point (#, y, «) of the other, and if i denote the intensity and (Z, m} n) the tion of magnetization of the substance of the second magnet at this point, we may take dxdydz in the expressions which were obtained, and they will then express the action which one of the magnets exerts upon an element of the other. To determine the total resultant action, we may transfer all the forces to the origin of coordinates, by introducing additional couples; and, by the usual process, we find, for the mutual action between the twx> magnets, a force in a line through this point, and a couple, of which the components, F, G, H , and L, M, N, are given by the equations ¥ = f / T { il^+ im% + ind£ ) dxdy dz G= J X f ( ill £ + in% + ''»^)drd,,dz It is unnecessary here to do more than indicate how such other formulae may be derived from those given above; for whenever it may be required, there can be no difficulty in applying the principles which have been established in this paper to obtain any desired form of expression for the mutual action between two given magnets.
